Abstract. We introduce and study a class of field extensions that we call pre-Galois; viz. extensions that become Galois after some linearly disjoint Galois base change L/k. Among them are geometrically Galois extensions of κ(T ), with κ a field: extensions that become Galois and remain of the same degree over κ(T ). We develop a pre-Galois theory that includes a Galois correspondence, and investigate the corresponding variants of the inverse Galois problem. We provide answers in situations where the classical analogs are not known. In particular, for every finite simple group G, some power G n is a geometric Galois group over k, and is a pre-Galois group over k if k is Hilbertian. For every finite group G, the same conclusion holds for G itself (n = 1) if k = Q ab and G has a weakly rigid tuple of conjugacy classes; and then G is a regular Galois group over an extension of Q ab of degree dividing the order of Out(G). We also show that the inverse problem for pre-Galois extensions over a field k (that every finite group is a pre-Galois group over k) is equivalent to the a priori stronger inverse Galois problem over k, and similarly for the geometric vs. regular variants.
Introduction
Given a field k, the inverse Galois problem over k asks:
(IGP/k): Is every finite group a Galois group over k? The answer is negative for many fields (e.g., algebraically closed fields, finite fields, and local fields), though the answer is believed to be affirmative for global fields, and more generally for Hilbertian fields. This remains open, however, for global fields, and in particular for Q. The related regular inverse Galois problem over k asks:
(RIGP/k): Is every finite group a regular Galois group over k? Recall that a "regular Galois group over k" is the Galois group of a Galois field extension F of k(T ) that is k-regular; i.e., in which k is algebraically closed.
The latter question is conjectured to have an affirmative answer for all fields; and if this is the case for a Hilbertian field k, then the question (IGP/k) also has an affirmative answer over k. In fact, most known realizations of simple groups as Galois groups over Q have been obtained by finding a regular realization of that group over Q, typically by the method of rigidity. An affirmative answer to RIGP is known for fields that are algebraically closed ([Ha84] , Corollary 1.5), for complete discretely valued fields ([Ha87] , Theorem 2.3, Corollary 2.4), for the field of totally real algebraic numbers [DeFr94] , its p-adic analogs This has the following consequence, observed to us by J. König: if (Pre-IGP/k) holds (for all finite groups) then (IGP/k) holds (for all finite groups); thus the two problems (Pre-IGP/k) and (IGP/k) are equivalent (Corollary 2.11). Similarly, the two problems (Geo-IGP/k) and (RIGP/k) (for all finite groups) are equivalent (see Remark 3.13).
In the case that k = Q ab , and G is a finite group with a weakly rigid tuple of conjugacy classes (see Section 3.5), we show in Corollary 3.16 that Geo-IGP and Pre-IGP have affirmative answers for G over k, along with a weak form of RIGP and IGP. A generalization appears at Theorem 3.21.
1.2. Pre-Galois theory. It is easily seen that pre-Galois extensions are not always Galois: e.g., Q(
2)/Q is pre-Galois but not Galois. Similary Q(T 1/n )/Q(T ) is geometrically Galois but not Galois. We consider these other questions, about how the new Galois properties compare to each other: Question 1.2. Let k be any field.
(a) Is every finite separable field extension of k potentially Galois? (b) Is every potentially Galois extension of k pre-Galois? (c) If every k-regular pre-Galois extension of k(T ) geometrically Galois?
We show that the answers to parts (a), (b), and (c) of Question 1.2 are "no" in general, even for Hilbertian fields (see Propositions 2.14, 2.12(b) and 3.1(b)).
We also consider the following questions, which contribute to a "pre-Galois theory": Question 1.3. Let E/k be any finite separable field extension.
(a) If E/k is pre-Galois, is the pre-Galois group unique? (b) What are the minimal field extensions (resp. minimal Galois field extensions) L 0 /k such that E ⊗ k L 0 is a Galois field extension of L 0 ? Does every field extension L/k satisfying condition ( * ) contain a unique such minimal extension? (c) If E/k is potentially Galois with group G, is there an analog of the usual Galois correspondence that relates the sub-extensions of E/k to subgroups of G?
We show that the answer to Question 1.3(a) is generally "no" (see Example 2.16). In fact, it is even possible for an extension to be pre-Galois with respect to one group and to be potentially Galois but not pre-Galois with respect to a different group (see Example 2.19); and for an extension of k(T ) to be geometrically Galois with respect to one group and to be pre-Galois but not geometrically Galois with respect to a different group (see Example 3.2). But we show that the answer to Question 1.3(a) is "yes", i.e. there is a unique pre-Galois group, if the extension has a pre-Galois group that is simple (see Proposition 2.18). Theorem 2.5 gives an explicit answer to Question 1.3(b). An answer to Question 1.3(c) is given in Proposition 2.21.
Lifting problems.
An open question in Galois theory (called the arithmetic lifting problem or the Beckmann-Black problem) asks whether for every finite Galois extension E/k there is a regular Galois extension F/k(T ) such that E/k is obtained by specializing T to some element of k. This is known to hold in some cases (e.g., [Bec91] , [Bla99] ), and no counterexamples are known. It was shown in [Dèb99a, Proposition 1.2] that if this conjecture holds for all k, then RIGP also holds over every field. A more accessible question is this: Question 1.4. Given a finite group G and a Galois field extension E/k of group G, is there a geometrically Galois extension F/k(T ) that has group G and that specializes to E/k at some t 0 ∈ k?
An affirmative answer is known for k an ample (large) field such as Q p and k 0 ((t)): see [Dèb99a] , [CT00] , [MB01] (with the difference that in the last two references, it is the original form of the Beckmann-Black problem that is solved). Theorem 3.7 extends this affirmative answer under the weaker assumption that G is the Galois group of a k-regular extension F/k(T ) such that the corresponding cover X → P 1 has a k-rational point above an unbranched point t 0 ∈ P 1 (k) (this assumption holds in particular if k is ample; see [DD97a, Remark 4 .3]). Theorem 3.7 shows further that there is a choice of the geometrically Galois extension F/k(T ) in Question 1.4 having the additional property that the constant extension in the Galois closure agrees with the given extension E/k. Remark 3.9(b) discusses the value of this additional conclusion.
Following this introduction, we devote Section 2 to discussing pre-Galois theory over a field k. Then in Section 3, we consider the case of function fields, and in particular extensions that are geometrically Galois.
We thank Joachim König for helpful comments about this manuscript, especially concerning the relationship between the usual inverse problems in Galois theory and the ones that we consider here. We also thank Bob Guralnick for providing several group-theoretical examples and counterexamples to us.
Pre-Galois extensions
Section 2.1 introduces and investigates the notions of potentially Galois and pre-Galois extensions. Some first questions from Section 1 are answered in this first subsection. More are answered in Section 2.2 which gives further examples and counterexamples. The analog for potentially Galois extensions of the classical Galois correspondence appears in Section 2.3. Finally Section 2.4 compares our pre-Galois theory with the previously introduced Hopf Galois theory.
2.1. Structure of pre-Galois extensions. Theorem 2.5 and Corollary 2.7 are the main structural conclusions of this subsection. Corollaries 2.8, 2.10, 2.11 provide general implications towards the pre-inverse Galois problem.
Let E/k be a finite extension of fields. Given an overfield L of k (not necessarily algebraic), and a finite group G, we say that E/k is potentially Galois over L with group G if E ⊗ k L is a Galois field extension of L of Galois group G; and in this situation, if L/k is a (not necessarily finite) Galois field extension, we say that E/k is pre-Galois over L with group G. Note that if E/k is potentially Galois over L then E/k is necessarily separable, since the base change E ⊗ k L is separable over L. So we will restrict attention to finite separable field extensions E/k. There is thus a Galois closure E of E/k.
Given any overfield L/k, we may embed E into a separable closure L sep of L as a kalgebra, and so we may take the compositum of fields EL in L sep . The extension E/k is then potentially Galois over L with group G if and only if the field extension EL/L is Galois with group G (and so this does not depend on the choice of k-embedding E ֒→ L sep ). Also, E/k is potentially Galois over L if and only if EL/L is Galois of degree equal to [E : k]; this equality is equivalent to E and L being linearly disjoint over k. As another equivalent condition, E/k is potentially Galois over L if and only if the automorphism group Aut(EL/L) is of order equal to [E : k].
Lemma 2.1. Let E/k be a finite field extension, and let L be an overfield of k.
(a) If E/k is potentially Galois over L then the compositum EL contains the Galois closure E of E over k.
Proof. For part (a), the extension E/k is separable and so has a primitive element y 1 . Let
be the minimal polynomial of y 1 over k, where
Part (b) then follows, using EL = EL, since the compositum of Galois extensions is Galois.
Recall that a subgroup U is a complement of another subgroup V in a group Γ if every element g ∈ Γ can be uniquely written as g = uv with u ∈ U and v ∈ V . If Γ is finite, this is equivalent to asserting that |Γ| = |U| · |V | and U ∩ V = {1}. It is also equivalent to U acting freely and transitively on the set of left cosets of Γ modulo V , by left multiplication. The group Γ is then said to be the Zappa-Szép product (ZS-product for short) of U and V . If in addition U is normal in G, then the group Γ is the semi-direct product of U and V with V acting on U by conjugation. Proposition 2.2. Let E/k be a finite separable field extension. Let N/k be a Galois extension such that E ⊂ N, and let H be an arbitrary subgroup of Gal(N/k). Then the following conditions are equivalent:
(i) E/k is potentially Galois over the fixed field
The equality |Gal(N/k)| = |Gal(N/E)| · |H| follows.
(ii) ⇒ (i): Assume that (ii) holds. We have in particular Proof. The inclusions E ⊂ N ⊂ EL imply that NL = EL, and so the restriction map res : Aut(EL/L) → Gal(N/k) is injective. This proves the first assertion.
Assume that E/k is potentially Galois over L. Then EL/L is Galois and
The extensions L 0 /k and E/k are linearly disjoint since L/k and E/k are linearly disjoint and since
Conversely, assume that condition (i) of Proposition 2.2 holds. Then the group Aut(EL/L), being isomorphic to
. By the last equivalence stated prior to Lemma 2.1, it follows that E/k is potentially Galois over L.
Notation 2.4. Let E/k be a finite separable extension, with Galois closure E/k. The sets L , G and the maps L, G that are defined below depend on the extension E/k. For simplicity we omit the reference to E/k in the notation.
Write L for the (possibly empty) set of all overfields L of k such that E/k is potentially Galois over L, and G for the (possibly empty) set of complements of Gal( E/E) in Gal( E/k).
If L ∈ L , then for N = E, both conditions E ⊂ N of Proposition 2.2 and N ⊂ EL of Proposition 2.3 are satisfied (via Lemma 2.1(b) for the latter). It follows from those propositions that the group G(L) := res(Gal(EL/L)), with res : Gal(EL/L) → Gal( E/k) the restriction map, is a complement of Gal( E/E) in Gal( E/k); i.e. is in the set G . We thus have a map
By definition E/k is potentially Galois over L with group G(L).
Theorem 2.5. Let E/k be a separable field extension of degree d, and let E/k be its Galois
Proof. The proof proceeds in several steps.
, we obtain that
Furthermore, by definition of G , for every G ∈ G , Gal( E/k) is the ZS-product of G and Gal( E/E). It follows from Proposition 2.2 ((ii) ⇒ (i), with N = E) that (**) E/k is potentially Galois over
We have EL ⊂ E, and as we already know that EL ⊃ E, we obtain EL = E. It follows that G(L) = Gal( E/L) ⊃ G and this containment is in fact an equality: G(L) = G, as the groups have the same order d. The first argument then applies and gives
Proof of (a). We already know that the maps L :
As the groups G(L) and G ′ have the same order,
Finally, assume that L/k is a Galois extension. Then the field EL = EL is a Galois extension of k; and L 0 = L(G(L)) is the fixed field in EL of the subgroup Γ ⊂ Gal( EL/k) that is generated by Gal( EL/L) and Gal( EL/ E). As the extensions E/k and L/k are Galois, both these subgroups are normal in Gal( EL/k). Therefore so is Γ and hence L 0 /k is Galois; equivalently, G(L) is normal in Gal( E/k).
Remark 2.6. We will sometimes use the following facts, contained in Theorem 2.5:
(a) An overfield L of k is in L m if and only if it is of the form L = L(G) for some unique G ∈ G (Theorem 2.5(a)), and then L(G) ⊂ E, EL(G) = E and the extension E/k is potentially Galois over L(G) with group G(L(G)) = G (Theorem 2.5(b)). (b) If an extension E/k is potentially or pre-Galois, then by Theorem 2.5(b) it is so over some extension L/k that is contained in the Galois closure E/k, with 
Proof. (a) With our notation, E/k is potentially Galois if and only if L = ∅, which, from Theorem 2.5(c), is equivalent to L m = ∅, which in turn is equivalent to G = ∅ by Theorem 2.5(a). This proves the "potentially Galois" part of statement (a). The "pre-Galois" part is proved similarly using the final part of Theorem 2.5(c).
(b) A group G being a potential Galois group (resp. pre-Galois group) means that there is an extension E/k that is potentially Galois (resp. pre-Galois) over L and G is isomorphic to G(L). Thus (b) straightforwardly follows from (a).
(c) The direct part is straightforward from Theorem 2.5(c). The reverse part is clear. 
Proof. (⇒)
If G is a pre-Galois group over k, then G is a normal complement of Gal( E/E) in Gal( E/k), by Corollary 2.7(b). Thus, with A := Gal( E/E), we have Gal( E/k) = G ⋊ A, where A acts on G by conjugation in Gal( E/k).
(⇐) Assume G ⋊ A is the group of some Galois extension N/k. For E = N A , the extension E/k satisfies condition (ii) from Proposition 2.2 with H = G. Therefore we have condition (i) of that result; in particular E/k is potentially Galois over L = N G . As G is normal in Gal(N/k), the extension L/k is Galois and E/k is pre-Galois over L, of group G.
To see this, note that EL/k is Galois (by Lemma 2.1(b)), and Gal(EL/k) is a semi-direct product of the normal subgroup G(L) with the quotient group Gal(L/k) = Gal(EL/E). If the action of Gal(L/k) on G(L) were not faithful, we could take the invariant subfield in L of the kernel of the action, and that would be a smaller (Galois) extension of k whose pullback makes E/k Galois.
Joachim König observed the following consequences of Corollary 2.8.
Corollary 2.10. Let G be a finite group such that Out(G) is trivial, and such that the exact
Proof. By Corollary 2.8, it suffices to show that every semi-direct product G⋊A is isomorphic to G × A, since then G is a quotient of the Galois group G × A and hence itself a Galois group.
Given a semi-direct product G ⋊ A, let α : A → Aut(G) be the associated action. Since Out(G) is trivial, Aut(G) = Inn(G). Composing the resulting map A → Inn(G) with the given section Inn(G) → G of G → Inn(G), we obtain a homomorphism σ : A → G such that α(a)(g) = σ(a)gσ(a) −1 for a ∈ A and g ∈ G.
One checks directly that the map A → A * given by a → (σ(a), a −1 ) is an isomorphism; that the subgroups G × 1 and A * of G ⋊ A commute; that they intersect trivially; and that they generate G ⋊ A.
Recall that a group G is said to be complete if both Z(G) and Out(G) are trivial. Symmetric groups S n with n / ∈ {2, 6} and all automorphism groups of non-abelian simple groups are examples of complete groups [Ro96, Section 13.5.10].
Corollary 2.11. Let k be an arbitrary field. The following statements are equivalent:
(i) Every finite group is a Galois group over k.
(ii) Every finite group is a pre-Galois group over k.
(iii) Every finite group is a normal subgroup of a Galois group over k. (iv) Every complete finite group is a normal subgroup of a Galois group over k.

Proof. The implication (i)⇒(ii) is obvious; (ii)⇒(iii) follows from Corollary 2.8; and (iii)⇒(iv) is obvious. We are left with proving (iv)⇒(i).
Let G be a finite group. By [HR80, Theorem 1], G is a quotient of some complete group G. By (iv), G is a normal subgroup of some group Γ that is a Galois group over k. Since G is complete, the exact sequence
splits [Ro96, Section 13.5.8] and Γ is isomorphic to a semidirect product G⋊A with A = Γ/ G. From Corollary 2.8, G is a pre-Galois group over k. But since G is complete, this implies that G is a Galois group over k (Corollary 2.10). It follows that G itself is a Galois group over k.
Examples and counterexamples.
This section presents in particular our answers to Question 1.2(a)-(b) about the connections between the notions, and to Question 1.3(a) about the uniqueness of the pre-Galois group.
Concerning Pre-IGP, if G is a pre-Galois group over a field k, it must satisfy these necessary conditions: -G is a potential Galois group over k, -G is a Galois group Gal(N/L) with L/k a Galois extension.
As parts (a) and (c) of Proposition 2.12 below show, both of these conditions hold for all finite groups G, provided that k is a global field, or more generally any Hilbertian field.
We adhere to the definition of a Hilbertian field given in [FJ04, Section 12.1]. Given integers r, m ≥ 1 and polynomials
. . , r, is called a separable Hilbert subset of k r , and the field k is said to be Hilbertian if for every r ≥ 1, every separable Hilbert subset of k r is Zariski-dense in k r . Classical Hilbertian fields include the field Q, the rational function fields F q (u) (with u some indeterminate) and all of their finitely generated extensions [FJ04, Theorem 13.4.2].
Recall that S d is a Galois group over every Hilbertian field. This follows from the fact that S d is a Galois group over a purely transcendental extension of any field k (viz., the Galois group of k(x 1 , . . . , (c) With k sep the separable closure of k, the group G is a Galois group over k sep (T ), by the RIGP over separably closed fields (a special case of RIGP over large fields). Hence there is a finite separable extension L/k and a Galois field extension F/L(T ) with group G, such that L is algebraically closed in F . After replacing L by its Galois closure over k, we may assume that L/k is Galois. Since k is Hilbertian, it follows that some specialization
Remark 2.13. As the proof of Proposition 2.12 shows, parts (a) and (b) hold more generally for any field k over which S d is a Galois group, even if k is not assumed Hilbertian.
Proposition 2.12(a) solves the "potential inverse Galois problem" over a Hilbertian field, and, with Proposition 2.12(c), provides evidence for the pre-inverse Galois problem Pre-IGP in that situation. Note that in the case of k = Q, part (c) was shown at [Ha87, Proposition 1.4].
Proposition 2.12(b) shows that Question 1.2(b) has a negative answer. Concerning Question 1.2(a), every separable extension of degree 2 is Galois and so preGalois. Separable extensions of degree 3 either are Galois or have a Galois closure of group S 3 , so they are pre-Galois too (Proposition 2.12(a)). Moreover, every separable extension of degree 4 is pre-Galois, by [GP87, Theorem 4.6] (where it is shown that degree 4 separable extensions are "almost classically Galois"; see Section 2.4 below). Nevertheless, extensions exist that are not potentially Galois, and so the answer to Question 1.2(a) is in general negative, even for Hilbertian fields k:
Proposition 2.14. Let d ≥ 2 be an integer such that some simple group of order 2d is a Galois group over k. Then there is a degree d separable field extension E/k that is not potentially Galois.
Proof. Let N/k be a Galois extension of degree 2d whose Galois group Γ is simple, and let σ ∈ Γ be an element of order 2. As Γ is simple, the extension E = N σ of k is not Galois and its Galois closure is N/k. The group Gal(N/E) has no complement in Γ (for it would be of index 2). From Corollary 2.7(b), E/k is not potentially Galois.
So for example, over any Hilbertian field k, there is a separable extension of degree 30 that is not potentially Galois over k, because A 5 is a Galois group over k (every alternating group A n is classically known to be a regular Galois group over Q (see [Ser92, Section 4.5]), and so a Galois group over any Hilbertian field of characteristic 0; see [Bri04] for the positive characteristic case).
Remark 2.15. More generally, let E/k be a non-Galois degree d field extension, with Galois closure E/k. Suppose that no order d subgroup of Gal( E/k) has a complement in Gal( E/k). Then E/k is not potentially Galois over k. In particular, let Γ be a group with a non-trivial subgroup M, and assume that M has no complement in Γ and that no nontrivial subgroup of M is normal in Γ. If Γ is the Galois group of some extension N/k, the extension N M /k is not potentially Galois. For example, we may take Γ = A 4 , with M of order 2. Question 1.3(a) also has a negative answer, since a subgroup U of a Galois group Γ = Gal(E/k) can have more than one normal complement up to isomorphism: Example 2.16. This example was provided to us by R. Guralnick. Let Γ be the dihedral group of order 8, with generators a and b of orders 4 and 2. Let U be the 2-cyclic subgroup generated by b. Let V be the cyclic subgroup generated by a, and let V ′ be the Klein four subgroup generated by a 2 and ab. The groups V and V ′ are each complements to U and are normal in Γ, and V is not isomorphic to V ′ .
Since every finite group Γ is a Galois group over some number field k, one can therefore obtain examples of pre-Galois extensions of k with more than one pre-Galois group. However, Proposition 2.18 below does provide a uniqueness assertion in a special case. First we need a group-theoretic lemma.
Lemma 2.17. Suppose G, G ′ are each normal complements of a subgroup U in a group Γ.
Proof. (a): Every element g ∈ Γ is uniquely of the form g = uv with u ∈ G ′ , v ∈ U. Applying this to every g ∈ G ⊂ Γ gives the assertion.
(b): Let g ∈ G and g ′ ∈ G ′ . As both G and G ′ are normal in Γ, the commutator
2 ∈ G ∩ U = {1}, using that G, U are complements. This shows that φ is injective. Hence φ is bijective as
(c)(ii) is clear.
(c)(iii): By (c)(i) and (b), it follows that the map φ : Proof. The second assertion is immediate from the first assertion and Corollary 2.7(b). For the first assertion, let
Thus there is an anti-isomorphism φ : G → G ′ by Lemma 2.17; and hence the map φ
As the following example shows, it is possible for a field extension to be pre-Galois with respect to one group, and to be potentially Galois but not pre-Galois with respect to a different group. In particular, among the minimal field extensions L(G) (G ∈ G ), it is possible that one of them is Galois over k and another is not.
Example 2.19. Let Γ = S 4 and let M be the subgroup of permutations fixing 4; thus M is isomorphic to S 3 . The Klein four subgroup G of S 4 , generated by the transpositions (1 2) and (3 4), is a normal complement of M. But the cyclic group G ′ generated by (1 2 3 4) is a non-normal complement of M, and G ′ is not isomorphic to G. Now let E/k be a Galois field extension of group Γ and let E be the fixed field of M, so that [E : k] = 4 and E is the Galois
is Galois over L with group G, and is Galois over L ′ with group G ′ ; but L/k is Galois, whereas L ′ /k is not. Moreover, no cyclic subgroup of Γ of order 4 is normal in Γ. So E/k is pre-Galois with respect to the Klein four group, whereas it is potentially Galois but not pre-Galois with respect to the cyclic group of order four.
Given a field k and two finite field extensions E and L of k, if E is Galois over k then the compositum EL is Galois over L. But the corresponding property does not in general hold for potentially Galois extensions, as the next example shows.
Example 2.20. Consider a Galois extension N/k of group S 6 . Let H be the subgroup generated by the 6-cycle (1 2 3 4 5 6) and let and E = N H be the fixed field of H in N. The Galois closure of E/k is N/k, and H has a complement in S 6 , e.g. the copy of S 5 ⊂ S 6 fixing 6. Hence E/k is potentially Galois, of group S 5 .
Next, let L = N A 6 be the fixed field of A 6 ⊂ S 6 in N. Then
is Galois, and its Galois group is the order 3 subgroup H ∩ A 6 generated by the square of (1 2 3 4 5 6). Thus N/L is the Galois closure of EL/L, and Gal(N/EL) has no complement in the group Gal(N/L) = A 6 (as such a complement would be of order 120 and A 6 has no subgroup of order 120). Therefore EL/L is not potentially Galois, even though E/k is potentially Galois.
Potential Galois correspondence. As we discuss next, there is an analog of the Galois correspondence for potentially Galois extensions (see Question 1.3(c)).
Let E/k be a degree d potentially Galois extension and L/k be an extension with EL/L Galois of degree d. Let E be the Galois closure of E over k. We produce below a 1-1 correspondence between the set of sub-extensions of E/k and a certain subset of subgroups of the potential Galois group G(L) = res(Gal(EL/L)), where res is as before the restriction map Gal(EL/L) → Gal( E/k).
Set Γ = Gal( E/k) and Γ E = Gal( E/E). Let Subgp Γ (G(L)) be the set of subgroups H ⊂ G(L) such that the product set HΓ E := {hg | h ∈ H, g ∈ Γ E } is a subgroup of Γ (or equivalently, such that HΓ E = Γ E H). Let Subfld k (E) be the set of subfields of E that contain k. We then define maps between these sets as follows:
Proposition 2.21. Let E/k be a finite field extension that is potentially Galois over L. Let E be the Galois closure of E over k, and set Γ = Gal( E/k) and Γ E = Gal( E/E). Then the maps ε L and η L as above define a bijective "potential Galois correspondence" between the set of subgroups Subgp Γ (G(L)) and the set of subfields Subfld k (E).
More precisely, for every subfield E ′ ∈ Subfld k (E) and every subgroup
Furthermore, if L/k is Galois and H is a characteristic subgroup of
The proof of Proposition 2.21 starts with this pure group-theoretical lemma.
Lemma 2.22. Let Γ = GA be the ZS-product of two subgroups G and A. There is an index preserving 1-1 correspondence ε between the collection F G (A) of subgroups H ⊂ G such that HA is a subgroup of Γ and the collection N Γ (A) of the subgroups of Γ that contain A.
More precisely, this 1-1 correspondence is given by the maps
. Thus the maps ε and ε −1 preserve the indices. Now the containment (G ∩ H ′ )A ⊂ H ′ is clear; and using the above we obtain Proof of Proposition 2.21. Let A = Γ E = Gal( E/E). In the notation of Lemma 2.22, Subgp Γ (G(L)) = F G(L) (A). Note that the group Γ = Gal( E/k) is the ZS-product of G(L) with A. So Lemma 2.22 applies, and we obtain a bijection ε : Subgp Γ (G(L)) → N Γ (A). We will show that the "potential Galois correspondence" of Proposition 2.21 is obtained by composing this bijection with the classical Galois correspondence γ :
we have:
For the final part of of Proposition 2.21, assume that L/k is Galois. Then the extension E/k is pre-Galois and E/k is Galois of group a semi-direct product G(L) ⋊ Γ E . Being a characteristic subgroup of G(L) implies for the subgroup H that it is a normal subgroup of G(L) ⋊ Γ E . In particular, HΓ E is a subgroup of Γ. By the above, ε L (H) = E H /k is potentially Galois over L, and so pre-Galois over L (as L/k is Galois), and
Corollary 2.23. Let E/k be a finite field extension that is potentially Galois over L. As above, set Γ = Gal( E/k) and Γ E = Gal( E/E).
(a) The base change correspondence
Proof. By the usual Galois correspondence the latter set in (a) is in bijection with the set Subgp Γ (G(L)). So (a) follows from the 1-1 correspondence between Subfld k (E) and Subgp Γ (G(L)) proved in Proposition 2.21. Part (b) is clear since η L ′ and ε L are bijective, by Proposition 2.21. (Part (b) can also be deduced from a pure group-theoretical observation: with the notation of Lemma 2.22, if Γ = GA = G ′ A is the ZS-product of G and A, and also of G ′ and A, then the correspondence H → HA ∩ G ′ yields a 1-1 correspondence
. We leave the details to the reader.) 2.4. Related conditions. A notion of "Hopf Galois theory" was introduced in [CS69] and studied further in [GP87] . That latter paper also considered conditions on field extensions that were more general than being Galois. Given a finite separable field extension E/k and a finite k-Hopf algebra H, they defined a notion of E/k being "H-Galois" (pages 239-240 in [GP87] ), and a more restrictive notion of E/k being "almost classically Galois" (pages 252-253 in [GP87] ).
These two notions can each be formulated in terms of the left multiplication action of Gal( E/k) on the group Perm(S) of permutations of the set S of left cosets of Gal( E/k) modulo Gal( E/E). (As before, E denotes the Galois closure of E over k.) Namely, according to [GP87, Theorem 2.1], E/k is H-Galois for some k-Hopf algebra H if and only if there is a subgroup G ⊂ Perm(S) acting freely and transitively on S and which is normalized by the subgroup Gal( E/k) ⊂ Perm(S) (where the containment is via µ). By [GP87, Proposition 4.1], E/k is almost classically Galois if and only if the above condition holds for some G ⊂ Gal( E/k). The latter condition is strictly stronger than the former, by [ 
By [GP87, Introduction, Remark 3], it follows that E/k is H-Galois if and only Spec(E) is a µ-torsor over k, where the finite group scheme µ is Spec(H * ), and where H * is the dual Hopf algebra to H. In particular, if E/k is a Galois field extension of group G, then Spec(E) is a G-torsor, and E/k is H-Galois with H being the group ring kG; moreover, E/k is almost classically Galois. Thus every pre-Galois extension K/k with group G has the property that Spec(K) is a µ-torsor over k for some twisted form µ of G; but not conversely. Also, every pre-Galois extension is potentially Galois, but not conversely (see Proposition 2.12(b)). Thus E/k pre-Galois ⇒ E/k potentially Galois + Spec(E) a torsor, and one can ask whether the converse holds:
Question 2.24. Let E/k be a finite separable field extension and let G be a finite group. If E/k is potentially Galois with group G, and if Spec(E) is a µ-torsor over k where µ is a twisted form of G, must E/k be pre-Galois with group G? Example 2.25. Concerning the two hypotheses in Question 2.24 (being potentially Galois, and the spectrum being a torsor), we show by example that neither implies the other. Note that otherwise, Question 2.24 could not have an affirmative answer, given the above comments about the separate converses not holding.
(a) Let k = Q and let E = k(ζ 8 ) = k( 4 √ −1). Then Spec(E) is µ 4 -torsor, and µ 4 is a twisted form of Z/4Z. But E/k is a Galois extension with group (Z/2Z) 2 ; and so for any field extension L/k such that LE = L ⊗ k E is a field, LE/L is also Galois with group (Z/2Z) 2 . Hence LE/L is not Galois with group Z/4Z, and thus E/k is not potentially Galois with group Z/4Z, even though Spec(E) is µ 4 -torsor. (b) Let E/k be a potentially Galois extension of degree 5 that is not pre-Galois, as in Proposition 2.12(b). Thus its group is Z/5Z. If Spec(E) is a µ-torsor for some form µ of Z/5Z, then µ is given by an action of the absolute Galois group Gal(k) of k on Z/5Z; i.e., by a homomorphism Gal(k) → Aut(Z/5Z) ∼ = Z/4Z. The kernel of that action has index 1, 2, or 4; and so µ becomes isomorphic to Z/5Z over a Galois extension k ′ /k of degree 1, 2, or 4. Since k ′ /k is Galois of degree 5, it follows that k ′ and E are linearly disjoint over k. So their compositum k ′ E/k ′ has degree 5, and is isomorphic to
But µ k ′ is just the constant group Z/5Z, and so k ′ E/k ′ is a Z/5Z-Galois field extension. That says that E/k is pre-Galois, and that is a contradiction. Hence Spec(E) is not a µ-torsor over k for any form µ of Z/5Z, even though E/k is potentially Galois with group Z/5Z. (If Gal( E/k) = S 5 or A 5 , then one can also see that Spec(E) is not a µ-torsor over k, or equivalently that E/k is not H-Galois, by [GP87, Corollary 4.8].)
Function field extensions
We now investigate the pre-Galois notion in the context of finite extensions of function fields. Fix an arbitrary field k and a regular projective geometrically irreducible k-variety B of positive dimension, e.g. B = P 1 Q . We indicate the separable closure of k by k sep and its absolute Galois group by Gal(k).
3.1. Geometrically Galois extensions. Let F/k(B) be a finite separable extension. It is called k-regular if F ∩ k = k; and in this case, F is the function field of a geometrically irreducible branched k-cover X → B.
We sometimes view finite k-regular extensions F/k(B) as fundamental group representations φ : 
) with k ′ ⊃ k F are all equal to the same group, called the monodromy group of the extension F/k(B) and denoted by G. We say that a finite k-regular extension F/k(B) is geometrically Galois if the field extension F k/k(B) is Galois. This generalizes the definition given in the introduction for B = P 1 k . Also note that the condition is equivalent to F k sep /k sep (B) being Galois. Indeed, if F k/k(B) is Galois, then F k = F k, and it follows from the equalities
that F k sep = F k sep , and so that F k sep /k sep (B) is Galois. The converse is clear; i.e., if (
If F/k(B) is geometrically Galois, then the Galois group Gal(F k/k(B)) is the monodromy group
G of F/k(B), of order d = [F : k(B)]. For every field k ′ ⊃ k F , since [F k ′ : k ′ (B)] = d and [ F k ′ : k ′ (B)] = |G|, it follows that F k ′ = F k ′ and hence F k ′ /k ′ (B)
a) Every geometrically Galois extension F/k(T ) is pre-Galois: more precisely, for every Galois extension k
′ /k with k ′ ⊃ k F ,
the extension F/k(T ) is pre-Galois over k ′ (T ), and the corresponding pre-Galois group is the monodromy group Gal(F k/k(T )). (b) The converse of the first assertion in (a) does not hold: there are k-regular pre-Galois extensions of k(T ) that are not geometrically Galois. (c) The following partial converse of (a) holds: Consider a k-regular field extension F/k(T ) such that there exists a Galois extension L/k(T ) such that F L/L is Galois and the extensions F k/k(T ) and Lk/k(T ) have no common branch point (and so F k/k(T ) and Lk/k(T ) are linearly disjoint). Then the extension F/k(T ) is geometrically Galois.
Part (b) of this result shows that the answer to Question 1.2(c) is in general "no".
Proof. Part (a) follows from the above observation that if
is Galois. For part (b), take a Galois extension N/C(T ) of group G = G ⋊ H with H not normal in G acting on G (such an extension exists as the Inverse Galois Problem is solved over C(T )). For F = N H , F/C(T ) is not Galois and not geometrically Galois either (C is algebraically closed) but is pre-Galois (Corollary 2.7(a)).
For part (c), by Remark 2.6(b), one may take L/k(T ) so that F L = F . But then each branch point of Lk/k(T ) is a branch point of F k/k(T ) and so is a branch point of F k/k(T ). Therefore Lk/k(T ) is unramified everywhere, which gives
Although a geometrically Galois extension of k(T ) has a unique geometric Galois group (by definition), it can have more than one group when viewed as a pre-Galois extension of k(T ), as the following geometric analog of Example 2.16 shows.
Example 3.2. Let k = Q and F = Q(T 1/4 ). The extension F/Q(T ) is geometrically Galois with group Z/4Z, since F/Q(T ) becomes Galois with group Z/4Z over Q(i)(T ); and hence it is also pre-Galois with group Z/4Z. The Galois group Γ of its Galois closure F /Q(T ) is isomorphic to D 8 , the dihedral group of order 8. The 4-cyclic subgroup G = Gal(F (i)/Q(i)(T )) ⊂ Γ is a normal complement to the 2-cyclic subgroup Gal( F /F ); but the latter group also has a normal complement
) would be G, as it contains Gal(F k/k(T )) = G and has the same order. (This can also be seen explicitly.) Remark 3.3. The geometric analog of the situation considered in Section 2.4 is simpler than the one there: An extension of k(T ) is geometrically Galois if and only if it is a torsor and it is regular. For the former implication, every geometrically Galois extension is preGalois (by Proposition 3.1(a)) and hence a torsor (by the comments in Section 2.4); and it was noted in the Introduction that it is regular. Conversely, suppose that an extension of F/k(T ) is a µ-torsor for some finite group scheme µ, and that it is regular. Then F is linearly disjoint from k over k(T ), and so F ⊗ k k is a field and a µ k -torsor over k(T ). But since k is algebraically closed, µ k is a constant finite group G. Thus F ⊗ k k is a Galois field extension of k(T ) having group G; and so F/k(T ) is geometrically Galois.
3.2. Specialization. In this subsection, we extend classical results about specializing Galois function field extension to our pre-Galois context. In particular, we prove Proposition 3.5 over Hilbertian fields. As in Section 3.1, k is an arbitrary field and B is a regular projective geometrically irreducible k-variety B of positive dimension.
Given a finite k-regular extension F/k(B) and a point t 0 ∈ B(k) not in the branch divisor D, the specialization F t 0 /k of F/k(B) at t 0 is defined as follows: if Spec(V ) is an affine neighborhood (for the Zariski topology) of t 0 , which corresponds to some maximal ideal p t 0 such that V /p t 0 = k and U is the integral closure of V in F , then F t 0 is the k-étale algebra U ⊗ V V /p t 0 (it does not depend on the affine subset Spec(V ) and is defined up to k(B)-isomorphism). If F/k(B) corresponds to the fundamental group representation φ : π 1 (B D, t) k → S d and s t 0 : Gal(k) → π 1 (B D, t) k is the section associated to t 0 , F t 0 /k is theétale algebra associated with the map φ • s t 0 : Gal(k) → S d . The k-algebra F t 0 is a field if and only if φ • s t 0 (Gal(k)) is a transitive subgroup of S d . 
Proof. (a): By Theorem 2.5, there is a sub-extension L/k(B) of F /k(B) such that F = F L and F L/L is Galois with group G; and the Galois group Gal( F /k(B)) is the ZS-product of G and Gal( F /F ).
is a Galois field extension of group Gal( F /F ).
It follows that ( F ) t 0 /k is a Galois field extension containing F t 0 /k and its Galois group is the ZS-product of G and Gal(( F ) t 0 /F t 0 ). By Proposition 2.2, F t 0 /k is potentially Galois over the fixed field ((
is further assumed to be pre-Galois, the original extension L/k(B) may be assumed to be Galois and then G is normal in Gal( F /k(B) ). Hence the extension ( ( F ) t 0 ) G /k is Galois as well and F t 0 /k is pre-Galois of group G.
holds. It remains to prove F t 0 = ( F ) t 0 , which we do below.
It follows from
. Thus s t 0 (τ ) fixes F = F k F and in particular fixes k F . Hence τ ∈ Gal( k F ), which finishes the proof.
Along the lines of the implication (Regular IGP/k) ⇒ (IGP/k), we have the following result for any Hilbertian field (e.g., a number field), via specialization:
Proposition 3.5. Let k be a Hilbertian field and let G be a finite group. If G is a pre-Galois group over k(T ), then G is a pre-Galois group over k.
Proof. By hypothesis, there exists a pre-Galois extension F/k(T ) of group G. For B = P 1 , the set of t 0 ∈ k such that [( F ) t 0 : k] = [ F : k(B)] contains a separable Hilbert subset of k, which is infinite since k is Hilbertian. Using Proposition 3.4(a), we obtain that G is a pre-Galois group over k, namely the pre-Galois group of some specialization
Combining Proposition 3.5 with Proposition 3.1(a), we have implications (Geometric IGP/k) ⇒ (Pre-IGP/k(T )) ⇒ (Pre-IGP/k) for k Hilbertian. These problems offer a natural graduation of inverse Galois theory. Note that the implication (Geometric IGP/k) ⇒ (Pre-IGP/k) can also be seen directly in this situation by using Proposition 3.4(b). Namely, consider the set of t 0 ∈ k such that F t 0 is a field and [F t 0 k F : k F ] = d. This set contains a separable Hilbert subset of k, which is necessarily infinite if k is Hilbertian.
3.3. Lifting Problems. We turn to Question 1.4, which is a weakening of the arithmetic lifting problem (or Beckmann-Black problem), in which we ask for a geometrically Galois extension, rather than a regular Galois extension, that lifts a given Galois extension of the field. Theorem 3.7 and Corollary 3.8 provide some answers.
Recall that B is a regular projective geometrically irreducible k-variety.
The definition of the twisted extension F E /k(B) appearing in the statement below is recalled in the proof, together with its main properties. For more on twisting, we refer to [DL12] or in [Dèb99a] (where a form of Proposition 3.6(c) already appears).
Proposition 3.6. Let G be a group with trivial center and F/k(B) be a k-regular Galois extension of group G such that the corresponding cover of B has a k-rational point above some point t 0 ∈ B(k) not in the branch divisor. Let E/k be a Galois extension of group H isomorphic to a subgroup of G. Consider the extension F E /k(B) obtained by twisting F/k(B) by E/k.
(a) Then the extension F E /k(B) is geometrically Galois of group G. Its Galois closure is the extension F E/k(T ), which has Galois group G × H. (b) The constant extension in the Galois closure of F
E /k(B) is E/k. (c) The specialization of F E /k(B) at t 0 is the k-étale algebra corresponding to (G : H) copies of E/k.
Proof.
One may assume H ⊂ G. Let φ : π 1 (B D, t) k → G be the fundamental group representation of F/k(B) and ϕ : Gal(k) → G be a Galois representation of E/k. Write Perm(G) for the group of permutations of the set G. The twisted extension F E /k(B) corresponds to the fundamental group representation φ E : π 1 (B D, t) k → Perm(G) given as follows: for each element of π 1 (B D, t) k uniquely written xs t 0 (τ ) (with x ∈ π 1 (B D, t) k sep , τ ∈ Gal(k) and s t 0 : Gal(k) → π 1 (B D, t) k the section associated to t 0 ), we have, for every
(we have φ(s t 0 (τ )) = 1 as there is a k-rational point above t 0 ). The extension F E /k(B) becomes isomorphic to F/k(B) after scalar extension to k sep (as φ and φ E have the same restriction on π 1 (P 1 t) k sep ). The same is true a fortiori over k, hence F E /k(B) is geometrically Galois of group G. Furthermore, using that Z(G) = {1}, one easily checks that ker( φ E ) = ker(φ) ∩ ker(ϕ), which indeed shows that the Galois closure of F E /k(B) is the extension F E/k(T ). This proves (a).
The constant extension in the Galois closure of
. Here G ֒→ Perm(G) is the left-regular representation of G. Then Nor Perm(G) (G)/G is the image of G via the right-regular representation of G. Taking into account that Z(G) = {1}, the map Gal(k) → Nor Perm(G) (G)/G can be identified to the one sending each τ ∈ Gal(k) to the right multiplication map g → g · ϕ(τ ) −1 . Its kernel is the same as the initial representation ϕ : Gal(k) → G. This proves (b).
Statement (c) follows as well as the specialization of F E /k(B) at t 0 corresponds to the map φ E •s t 0 : Gal(k) → Nor Perm(G) (G) which also sends each τ ∈ Gal(k) to the right multiplication g → g · ϕ(τ ) −1 . The stabilizer of a given g ∈ G is ker(ϕ) and the corresponding fixed field is E.
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In particular, we obtain an affirmative answer to Question 1.4 in the above situation:
Theorem 3.7. Let G be a finite group with trivial center, and let k be a field. Suppose there is a k-regular Galois extension F/k(T ) with Galois group G, whose corresponding cover π : X → P 1 k has an unramified k-point P . Then given a Galois field extension E/k of group H ⊂ G, there exists a geometrically Galois extension E/k(T ), with group G, that specializes to E (G:H) /k at π(P ) ∈ P 1 (k), and whose constant extension in the Galois closure is E.
Proof. This is a special case of Proposition 3.6, with B = P 1 k , and where we let E = F E , using that E/K is Galois with group H.
Even more is known in the case of fields k that are ample (large). Recall that these are the fields k with the property that every geometrically irreducible k-variety with a smooth k-point has infinitely many such points; they include in particular henselian fields, PAC fields, and totally real and totally p-adic closures of number fields. Namely, for such fields k, given a finite group G and a Galois extension E/k with group H ⊂ G, there is a regular Galois extension E/k(T ) with group G, having specified fiber
, [MB01] ); in particular, there is an affirmative answer to the arithmetic lifting problem in that situation. Over such fields, concerning Question 1.4, the hypothesis of Theorem 3.7 is satisfied and hence also the conclusion, including the assertion about the constant extension in the Galois closure:
Corollary 3.8. Let k be an ample (large) field, and let G be a finite group with trivial center. Given a Galois extension E/k of group H ⊂ G, there is a geometrically Galois extension F/k(T ) of group G with constant extension E/k in its Galois closure, and which specializes to E (G:H) /k at some unbranched point t 0 ∈ P 1 (k).
Proof. By [Pop96] and [DD97a, Remark 4.3], the hypothesis on k implies that there is a k-regular Galois extension N/k(T ) of group G (in fact, of any specified Galois group) with a k-rational point above some unbranched point t 0 ∈ k. Thus the result follows from Theorem 3.7.
Of course the key case above is with H = G, where we realize any given Galois extension of k with group G as a fiber of a geometrically Galois extension of k(T ).
Remark 3.9.
(a) Assume that k is ample (large) and also Hilbertian, and let H be a subgroup of finite group G with trivial center. Then there exists a geometrically Galois extension F/k(T ) of group G with constant extension k F /k of group H. Indeed consider N/k(T ) as in the proof above, and similarly take a k-regular Galois extension of group H ⊂ G. Since k is Hilbertian, this latter extension can be specialized to provide a Galois extension E/k of group H ⊂ G. Corollary 3.8 then provides an extension F/k(T ) as desired. (b) In general, given an extension of a field k(T ), the extension of constants in the Galois closure is not well understood; and this poses an obstacle for assertions such as the Regular Inverse Galois Problem. The above results give some control over that extension of constants in special cases. It would be desirable to obtain a more general understanding of the field extension k F /k and its Galois group.
3.4. A descent result. In this subsection we address Question 1.1 in Corollary 3.12, which we deduce from a more general version, Theorem 3.10. We also prove Corollary 3.14, which concerns the geometric inverse Galois problem discussed in the introduction. Recall the following useful terminology. Let F /k sep (B) be a finite k sep -regular extension. 
is Galois, then k G is its field of moduli as a Galois extension, and
descends to its field of moduli k G as a Galois extension.
The fields Q ab and k(T ) are typical examples for which cd(k) ≤ 1.
Proof. We begin with part (a). As N is the compositum of all the k sep (B)-conjugates of F , it follows from the field of moduli of F /k sep (T ) being k that Nτ = N for every prolongatioñ τ to N of every τ ∈ Gal(k). This means that the field of moduli of N/k sep (B) as a field extension is k. The first conclusion of (a) follows then from [CH85, Proposition 2.5], which says that this extension descends to its field of moduli k. (The cited result was originally stated with B = P 1 Q , where k(B) = Q(T ), but the proof extends to more general fields k and varieties B, provided that there is an unramified rational point; see [DD97b, Corollary 3.4] .)
As to the second conclusion of (a), it rests on the standard fact (recalled at the beginning of Section 3.1) that if a k-regular extension N 0 /k(B) induces N/k sep (B), then N 0 /k(B) becomes Galois after extending scalars from k to k N 0 and that Gal(
For (b), we view k-regular extensions of k(B) as fundamental group representations. Recall that we have the fundamental group exact sequence
and each point t 0 ∈ B(k) D provides a section
such that for each τ ∈ Gal(k),
(See [DD97b, Section 2.7]; there this map is called the "representation of
given by the field of moduli condition".) Consider the subgroup
Its fixed field in k sep is the field of moduli k G of N/k(B) as a Galois extension (see [DD97b, Section 2.7]). As H is normal in Gal(k), the extension k G /k is Galois. More precisely, H is the kernel of the map ϕ • s t 0 composed with the canonical surjection Nor
In the special case that F /k sep (B) is Galois, the monodromy action G → S d is the regular representation, and the group Nor S d (G)/(GCen S d (G)) from the general case is simply Out(G) (e.g., see the proof of [DD97b, Proposition 3.1]).
We next turn to part (c). The assumption in this part implies that the field of moduli k G of N/k sep (B) is a field of definition as a Galois extension, by Corollary 3.2 and Corollary 3.4 (or Main Theorem III(b)) of [DD97b] .
Remark 3.11.
(a) Note that [DD97b, Corollary 3.4] (used above) assumed that the fundamental group exact sequence ( * ) splits; a condition called (Seq/Split) there. That assumption is satisfied here, as a consequence of our assumption that B(k) being Zariski-dense; so [DD97b, Corollary 3.4] does apply. Our assumption on B(k) also guarantees that every branched cover has an unramified rational point, and thereby that we can use [CH85, Proposition 2.5]. But the density assumption may be replaced by the weaker condition (Seq/Split). (c) The proof of Theorem 3.10(b) used that Nor
is the regular representation. More generally, for any embedding G ֒→ S d , there is a natural monomorphism Nor
This is not an equality in general: e.g., if G = A 6 and G ֒→ S 6 is given by the containment A 6 ⊂ S 6 , then Nor S 6 (G) = S 6 and Cen S 6 (G) = {1}; so |Nor S 6 (G)/GCen S 6 (G)| = 2 whereas |Out(G)| = 4. Proof. The condition that the group G is a geometric Galois group over k means that there is a k-regular extension F/k(T ) such that F k/k(T ) is Galois of group G; or equivalently, as remarked in Section 3.1, such that F k sep /k sep (T ) is Galois of group G.
For the forward implication in part (a), the asserted conclusion holds with F = F k sep . The reverse implication in part (a) and the assertion in part (b) follow from Theorem 3.10(a). We obtain part (c) from Theorem 3.10(b,c).
Remark 3.13.
(a) Corollary 3.12 has the following consequence, which can be compared to Corollary 2.11: given a field k, the statements that all finite groups are geometric Galois groups over k and that all finite groups are regular Galois groups over k are equivalent. Namely, let G be a finite group. By [HR80, Theorem 1], G is a quotient of some complete group G. If all finite groups are geometric Galois groups over k, then G is. By Corollary 3.12, G is a regular Galois group over k. It follows that G is a regular Galois group over k as well. (b) Remark (a) above suggests a possible strategy for attacking the RIGP. Given a finite group G and an integer r ≥ 1, there is a moduli space in characteristic zero for the Galois branched covers of P 1 with r branch points whose Galois group is isomorphic to G. (E.g., see [CH85, Section 1], where this Hurwitz space is denoted by P; and [FV91, Section 1.2], where it is denoted by H ab r (G).) For k an extension of Q, a k-rational point on this space corresponds to a Galois extension of k(T ) with group G whose field of moduli as a field extension is contained in k; or equivalently (by Theorem 3.10(a)) to a geometrically Galois extension of k(T ) with group G. If for every finite group G there is a k-point on H ab r (G) for some r depending on G, then Remark (a) implies that every finite group is a regular Galois group over k. Proof. The RIGP property holds over the field k sep by [Pop96] , since that field is ample (large); if k is perfect it also follows from [Ha84, Corollary 1.5] since then k sep = k. Consider the algebraic extension F/k(T ) and denote its Galois closure by F /k(T ). The extension F /k sep (T ) is finite and Galois, say of group G. As F /k(T ) is Galois, the field of moduli of F /k sep (T ) as a field extension is k.
For the first assertion of part (a), note that Theorem 3.10(a) yields that F /k sep (T ) descends to a field extension F 0 /k(T ) defined over k. By construction F 0 /k(T ) is geometrically Galois of group G and G is a quotient of G.
For the first assertion of (b), assume that G is simple. We may assume that G is nonabelian, since every cyclic group of prime order is the Galois group of a k-regular Galois extension of k(T ).
Since F is defined over E for some finite extension E/k, there are finitely many distinct conjugate fields F σ of F over k(T ), as σ ranges over Gal(k). The field F is the compositum of these fields F σ in k(T ). We claim that G = Gal(F /k sep (T )) is of the form G n . This follows by induction from the following elementary assertion: If L 1 , L 2 are Galois field extensions of a field K with Galois groups G 1 , G 2 such that G 1 is simple, and if
By Corollary 3.12(a), it then follows that G n is a geometric Galois group over k. The last assertions in parts (a) and (b), for k Hilbertian, follow by Proposition 3.5.
3.5. Extensions F /k(T ) with field of moduli k. The notion of rigidity has been used to realize many finite groups as Galois groups over Q, or over small extensions of Q. In this subsection we generalize that notion and apply Theorem 3.10 in order to obtain sharper results along those lines, and to obtain results about geometric Galois groups and pre-Galois groups, in Theorem 3.21. Here we work over subfields k of C, so that we can rely on the correspondence between branched covers and tuples of elements, given by Riemann's Existence Theorem. In the special case where G ֒→ S d is the regular representation, this is equivalent to the traditional notion of being weakly rigid, in which the conclusion of part (b) Proof. Since the given tuple of conjugacy classes C = (C 1 , . . . , C r ) is weakly rigid, [Völ96, Theorem 2.17] applies. That is, up to isomorphism of field extensions, there is a unique finite extension L/C(T ) that is Galois with group G and that corresponds to a branched cover X → P 1 Q , with given rational branch points, and having branch cycle description (g 1 , . . . , g r ) for some g i ∈ C i . Since the branch points are rational, this branched cover descends to Q(T ). Moreover the field of moduli (relative to Q/Q ab ) of the corresponding field extension of Q(T ) is equal to Q ab , since Gal(Q ab ) acts on branch cycle descriptions by preserving conjugacy classes (cf. [Völ96, Lemma 2.8]).
The first assertion in part (a) of the corollary now follows from Theorem 3.10(a). The second assertion in part (a) follows from Theorem 3.10(b, c), using that cd(Q ab ) = 1. Part (b) of the corollary follows from part (a) by specialization in the Hilbertian field Q ab (see Proposition 3.5) in combination with Proposition 3.1(a).
In Theorem 3.21 below, we prove a more general result using the broader notion given in Definition 3.15. First we extend the usual notion of rationality (see [Völ96, Definition 3.7] ) to that more general setting. For short, we just say weakly rigid, weakly rational and weakly k-rational if G ֒→ S d is the regular representation of G; in this case, conjugating by some element ω ∈ Nor S d (G) is equivalent to acting by some automorphism γ ∈ Aut(G). The conditions are then weaker than with any other embedding G ֒→ S d . The classical rational and k-rational notions correspond to the special situation where one can take ω ∈ S d to be in (the image of) G, in the definition above.
Recall the classical action of Gal(k) on the conjugacy classes C of G: for each τ ∈ Gal(k), C is mapped to C 1/χ k (τ ) where χ k : Gal(k) → (Z/dZ) × is the cyclotomic character modulo d: that is ζ
where ζ d = e 2iπ/d . We use the notation C for a r-tuple (C 1 , . . . , C r ) of conjugacy classes of G and t for a r-tuple (t 1 , . . . , t r ) of distinct points in P 1 (k). We always assume that the sets {C 1 , . . . , C r } and {t 1 , . . . , t r } are invariant under the action of Gal(k). For τ ∈ Gal(k) and i = 1, . . . , r, denote by τ (i) the index such that t τ i = t τ (i) . It is k-rational if one can take ω τ = 1 (τ ∈ Gal(k)).
Definition 3.18 generalizes definitions from [Völ96] of (weakly) k-rational type for which G ֒→ S d is the regular representation: see Definition 3.7 and Remark 3.9(b) there.
If [G ֒→ S d , C, t] is weakly k-rational (resp. is k-rational), then in particular the r-tuple C is weakly k-rational (resp. is k-rational) with respect to the embedding G ֒→ S d . The former condition is stronger in that the permutation of C 1 , ..., C r involved in Definition 3.18 should be the permutation induced by the action of τ on the branch points, for any τ ∈ Gal(k).
Triples [G ֒→ S d , C, t] are used to represent the ramification invariants of an extension F /k(T ): G is the monodromy group, G ֒→ S d the monodromy action, t the branch point tuple and C the tuple of inertia canonical classes (in the Galois closure), with t and C ordered in such a way that C i corresponds to t i , i = 1, . . . , r.
The following lemmas adjust classical rigidity statements to the non-Galois situation. Proof. We will show that the assumptions guarantee that there is an extension F /k(T ) with field of moduli k and then apply Theorem 3.10. Fix a finite group G, a transitive embedding G ֒→ S d , an integer r ≥ 2 and a subfield k ⊂ C. Assume as in part (b) that G is given with an r-tuple C of conjugacy classes that is weakly k-rational and weakly rigid with respect to an embedding G ֒→ S d . By Lemma 3.20, there is an r-tuple t ⊂ P 1 (k) such that [G ֒→ S d , C, t] is weakly k-rational. Consider next an extension F /k(T ) of degree d, of monodromy group G ֒→ S d , of branch point set t, and corresponding canonical inertia invariant C; the existence of such an extension is guaranteed by the Riemann Existence Theorem. It follows from Lemma 3.19 that F /k(T ) has field of moduli k as a field extension. By Theorem 3.10(c), if N/k(T ) is the Galois closure of F /k(T ), then N/k(T ) descends to its field of moduli k G as a Galois extension; this is a regular realization of G, as asserted in part (b). The assertion about the degree then follows from Theorem 3.10(b) and Remark 3.11(c).
For part (a), we simply note that "weakly rigid and weakly k-rational" is the same as "weakly rigid and weakly k-rational with respect to the regular representation G ֒→ S |G| ". We can then proceed as above but use Theorem 3.10(a) instead of Theorem 3.10(b,c).
Note that Corollary 3.16(a) is the special case of Theorem 3.21 for which k = Q ab and the embedding G ֒→ S d in (b) is given by the regular representation. Again this uses that cd(Q ab ) = 1, along with the fact that Gal(Q ab ) acts on branch cycle descriptions by preserving conjugacy classes (i.e., C is Q ab -rational).
